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Abstract
Fuzzy (or wave) dark matter is a family of dark matter models characterized by a dynamical matter field
satisfying a wave equation, most typically a scalar field (real or complex) satisfying the Klein-Gordon equation
with a mass (or frequency) parameter m ≈ 10−20±4 eV ≈ 102±4 years−1. While it is well-known that such
a scalar field has the potential to dominate the early universe’s energy density due to a phase transition in
which its energy switches from scaling as a−3 at late times (H << m) to a−6 at early times (H >> m),
the cosmological implications of this dominance have not been thoroughly explored, presumably due to
motivations within popular models (such as ultralight axion-like particles) for choosing initial conditions
that suppress the a−6 behavior. Without such motivations, these initial conditions would appear rather fine-
tuned. Recognizing the existence of alternative models for scalar field FDM (such as a scalar field arising
due to a nontrivial connection) that do not favor these suppressing initial conditions, then, it is necessary
to consider the full range of cosmological behavior supported by these models. It is my objective to explore
these behaviors, specifically as they relate to cosmology’s remarkably accurate predictions of light element
abundances through big bang nucleosynthesis (BBN). While preliminary results suggest that scalar field
FDM is not able to resolve the so-called Lithium problem of BBN, it seems that a combination of stability
and BBN considerations can constrain the mass parameter in the case of a complex scalar field to m ' 10−20

eV.

1 Introduction

General Relativity (GR) has proven a remarkably
powerful tool in enhancing our understand of the uni-
verse on length scales of and beyond our solar system,
from its corrections to the orbit of mercury and grav-
itational lensing to the standard model of cosmol-
ogy, known as ΛCDM. Perhaps the largest outstand-
ing critical problem for general relativity, however,
is that of identifying of the nature of dark matter.
The concept of dark matter is an answer to the puz-
zling observed phenomenon that, supposing gravity
behaves according to general relativity (or, on smaller
scales, Newtonian gravitation), various astronomical
systems behave as if there is much more mass present,
interacting gravitationally with visible matter, than
we can see.

This phenomenon has been on the minds of physi-
cists for more than a century: based on his measure-
ments of the velocity dispersion of stars in the Milky
Way galaxy, Lord Kelvin explicitly posited as early
as 1904 that “many of our stars, perhaps a great ma-
jority of them, may be dark bodies” [10]. It wasn’t
until several decades later, however, that this hypoth-
esis began to be taken seriously by astronomers, as
measurements of both velocity dispersions of galax-
ies within clusters and the flatness of galaxy rotation

curves suggested similar conclusions (Figure 1).

Though the need for a theoretical explanation for
this behavior was more or less experimentally well-
established by the 1970’s, it remained unclear what
the most appropriate answer might be, a situation
that has persisted to the current day. Explanatory
hypotheses abound and can be broadly categorized as
either suggesting the nature of unseen matter or mod-
ifying the theory of gravity so that the visible matter
is sufficient to yield the observed behavior under the
modified theory. Perhaps the most popular among
theories modifying gravity is the theory of Modified
Newtonian Dynamics (MOND), which phenomeno-
logically alters the law of Newtonian Gravitation at
sufficiently small accelerations. Such models are often
criticized as appearing ad hoc, but the astrophysical
community’s larger objection to modified gravity the-
ories stems from the 2006 analysis [6] of the so-called
bullet cluster (Figure 2), a pair of recently-collided
galaxy clusters for which lensing data suggests that
the apparently missing mass separated considerably
from the visible matter in the course of the colli-
sion. Generally speaking, one might expect that the
most simply implemented theories of modified grav-
ity would predict that the apparently missing mass
closely tracks the visible matter. As this analysis
demonstrates such tracking doesn’t always happen in
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Figure 1: An average scaled-axes rotation curve created from
the SPARC database of measurements of rotational velocities
within 175 galaxies [12]. Blue points trace the measured rota-
tional velocities, while red points trace the rotational velocities
expected based upon the amount of visible matter. The dis-
crepancy between these data sets indicates the need for miss-
ing matter providing the addition radial acceleration, and that
this behavior is consist across galaxies. Averaging process and
image creation by Ben Hamm.

reality, it is seen by many as sufficient reason to focus
attention on theories of unseen, or dark, matter.

What observational constraints can be put on dark
matter? Perhaps the most significant cosmological
constraint is that (a nontrivial component of) dark
matter must be cold for most of the universe’s history.
This means that dark matter’s cosmological pressure
is negligible compared to its energy density, as for
a gas in thermal equilibrium at a temperature much
smaller than the particle mass (hence the denomina-
tion “cold”). The observational data demanding this
feature are galaxy sizes and the extent to which the
Cosmic Microwave Background (CMB) temperature
is isotropic, both of which are quite well-established.
Following the gas analogy, which is not an analogy
at all in particle models of dark matter, negligible
pressure corresponds to gas particles moving nonrel-
ativistically, and so the heuristic explanation of the
cold constraint is that, given seed perturbations of
dark matter at scales set by the variation in the CMB,
particles moving too quickly (that are too “hot”) can-
not be bound gravitationally on scales as small as
galaxies.

The prevailing model of cold dark matter, built into
the remarkably successful ΛCDM standard model of
cosmology, is that of a Weakly Interacting Massive
Particle (WIMP) sufficiently heavy to be cold. This
model does very well cosmologically, but has some
shortcomings on the scale of galaxies, in particular
the cusp-core problem: many-body simulations of in-

Figure 2: An image illustrating the 2006 analysis of the
bullet cluster. The pink overlay is in the x-ray spectrum, indi-
cating the location of the bullet cluster’s visible matter, while
the blue overlay is the mass distribution computed via gravi-
tational lensing. Image created by the Chandra X-ray Center
(visible matter) and the Space Telescope Science Institute (op-
tical image and lensing map).

teracting WIMP clusters consistently develop sharp,
cuspy density profiles at the centers of galaxies, a
phenomenon not observed in actual galaxies, which
tend to have smooth cores of density at their centers.
Other issues for the WIMP model include the missing
satellites problem, a discrepancy between the number
of observed and predicted persisting satellite galax-
ies orbiting a host, and the too-big-to-fail problem, a
prediction by WIMP simulations of dark matter sub-
halos with higher central densities than observed in
Milky Way satellites. While there may be potential
to resolve these issues by incorporating more sophis-
ticated baryonic physics, as investigated in [11] and
[15], they (together with the fact that searches for
WIMP candidates have so far turned up null) are
sufficient motivation to explore alternative models.

A family of models that can serve as potential al-
ternatives to the WIMP model is Fuzzy (or wave)
dark matter, often abbreviated FDM or ψDM, within
which models are characterized by a dynamical mat-
ter field satisfying a wave equation. The simplest
example among this family of models is that of a
scalar field (real or complex) satisfying the Klein-
Gordon equation with a mass (or frequency) param-
eter m ≈ 10−20±4 eV ≈ 102±4 years−1. More ex-
plicitly, on the spacetime manifold (M, g) there is a
function ψ : M → C with associated stress energy
tensor and constraint equation

T =
dψ ⊗ dψ̄ + dψ̄ ⊗ dψ

m2
−
(
|dψ|2

m2
+ |ψ|2

)
g (1)

�ψ = m2ψ. (2)
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This simplest example, referred to as Scalar Field
Dark Matter (SFDM), demonstrates promise in that
it can replicate many of the cosmological successes of
the WIMP model–the heuristic reason one might ex-
pect this is that the frequency parameter sets a char-
acteristic length scale 2π

m ≈ 10−1±4 lyr of wave pack-
ets, far above which the dynamics should be similar
to that of many gravitationally interacting particles–
while simultaneously resolving some of the galaxy-
scale concerns listed above in a natural way [8], espe-
cially that of the cusp-core problem.

What might this scalar field ψ be describing? Per-
haps the most popular motivation for considering
SFDM is that it is an approximate description for
ultralight axion-like particles (in regimes where self
interaction terms can be neglected), predicted within
some contexts of string theory [21]. Importantly, this
motivation for considering SFDM leads to natural
choices for dark matter’s initial velocity and power
spectrum when modifying ΛCDM cosmology. How-
ever, this is not the only motivation for SFDM.

Standard general relativity is obtained by extrem-
izing the Einstein-Hilbert action, which has long
been known to be the most general admissible action
quadratic in the metric coefficients gij and their coor-
dinate derivatives [13]. In [5], Hubert Bray found that
slightly generalizing the action to also be quadratic in
the connection coefficients Γ k

ij and their coordinate
derivatives generically leads to a modification of GR
wherein the tensor T of equation (1), for some real-
valued function ψ parameterizing the connection’s de-
viation from the Levi-Civita connection of standard
GR, is added to the stress energy tensor of matter
in Einstein’s equation. That is, this mild generaliza-
tion of the action of GR naturally leads to a model
of SFDM, wherein the additional “matter” is, in fact,
an artifact of a nontrivial connection. Clearly, such a
model leads to a different quantum interpretation of
ψ for which the natural choices of initial velocity and
power spectrum referenced above are lost. In light
of this alternative motivation for SFDM, my primary
research objective is currently to identify cosmologi-
cal variations that SFDM allows for when one does
not restrict to the standard initial conditions.

2 SFDM Cosmology and BBN

2.1 SFDM in Basic Cosmology

At the foundation of cosmology is the homogeneous
and isotropic universe, modeled via the spacetime
manifold (R+ × Σ, g) together with a homogeneous
Riemannian metric h on the 3-manifold Σ satisfying
g = −dt2 + a(t)2h. In light of observational con-

straints on the magnitude of the (constant) sectional
curvature of h [1], we will restrict to the case that
h is flat, requiring that (Σ, h) be a quotient of R3;
in terms of natural (x1, x2, x3) coordinates on R3, we
then have

g = −dt2 + a(t)2(dx2
1 + dx2

2 + dx2
3). (3)

Utilizing the stress energy tensor T of equation (1)
for real-valued ψ (the complex case will be identical to
two independent real-valued fields), we wish to solve
the coupled system of Einstein’s equation

G = 8πT (4)

and the Klein-Gordon equation (2) on the homoge-
neous and isotropic universe. The first step is rec-
ognizing that the isotropy of G under the ansatz (3)
requires the same of T , and therefore of dψ ⊗ dψ.
Dualizing in the first slot, isotropy requires that the
(1, 1)-tensor ∇ψ ⊗ dψ, thought of as an endomor-
phism of the tangent space, must restrict to a mul-
tiple of the identity operator on the spatial subspace
spanned by {∂i}3i=1, but since the image of this map
is at most one dimensional (being the span of ∇ψ)
this multiple must be zero– that is, we must have
0 = dψ(∂i) = ∂iψ, or ψ = ψ(t) is a function of t only.

With this constraint, the energy density ρψ :=
T (∂t, ∂t) and pressure pψ := T (∂i, ∂i) associated to
ψ on the constant-time slices Σt := {t}×Σ are given
by

ρψ(t) =
ψ̇(t)2

m2
+ ψ(t)2 pψ(t) =

ψ̇(t)2

m2
− ψ(t)2. (5)

In terms of these and the Hubble parameter H(t) :=
ȧ(t)
a(t) , equations (2) and (4) amount to

ψ̈ + 3Hψ̇ +m2ψ = 0 (6)

ρ̇ = −3H(ρ+ p) (7)

H2 =
8π

3
ρ, (8)

where one can now more generally interpret ρ and p
as being the sums of the energy density and pressure
of all types of matter– ψ, baryonic matter, radiation,
and dark energy. In the simplest treatments ignoring
energy transfer between the types of matter, equation
(7) holds for each type of matter individually.

In the case that the source matter satisfies the
equation of state p = wρ for w constant (typical cases
include w = 0 for baryonic matter or WIMP CDM,
w = 1/3 for radiation, and w = −1 for dark energy),
equation (7) reads ρ̇ = −3H(1 + w)ρ, yielding

ρ ∝ a−3(1+w) (9)
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Figure 3: Relative energy densities of the matter sources
versus scale factor in a typical SFDM cosmology. In this cos-
mology, dark matter dominates the energy density once the
scale factor satisfies a / 10−11; this corresponds to Tt ≈ 10
MeV (see section 3.1 for the definition of the transition tem-
perature Tt).

and, putting this into (8) for the case that this source
dominates the total energy density,

a(t) ∝ (t− t0)
2

3(1+w) . (10)

With this in mind, we identify three regimes of be-
havior for ψ. The first is H << m (we will refer to
this era as “late”), in which case equation (6) may
be approximated as ψ̈ = −m2ψ, so that ψ oscillates
with frequency m (with period therefore roughly in
the range of days to years), leading to the observa-
tion per equation (5) that pψ << ρψ when averaged
over many periods, so the energy contribution of ψ in
this regime is well approximated by the w = 0 case
(that is, ψ is cold in this regime). Solving backwards
from the current time, this first regime holds until
H ≈ m, which occurs roughly at a time t ∼ 1/m
after the singularity due to equation (10), which im-
plies that H ∼ 1/t. Since t ∼ 1/m is well before the
time of matter-radiation equality, H >> m begins
(evolving time backward) in the radiation dominated
era, wherein w = 1/3.

The remaining two regimes of interest occur when
H >> m, in which case equation (6) may be approx-
imated as ψ̈ = −3Hψ̇, so that ψ̇ ∝ a−3. Combining
this with equation (10) while the energy density is
dominated by a matter source with constant equa-
tion of state, we then have

ψ − ψ0 ∝ (t− t0)
w−1
w+1 ∝ a

3(w−1)
2 (11)

(or ln(a) in the event w = 1). In particular, we
begin with w = 1/3, so that ψ − ψ0 ∝ a−1, with

Figure 4: Energy densities of the matter sources (normalized
to the current critical density) versus scale factor in the cos-
mology of Figure 3. The ρψ ∝ a−6 era is seen to be a / 10−8;
the ρψ ≈ constant era is roughly 10−7.9 / a / 10−7.2; and the
ρψ ∝ a−3 era is a ' 10−7.

which we can understanding the behavior of ψ for
large and small a. For large a, ψ̇ → 0 and ψ → ψ0

means ψ behaves like a contribution to dark energy
(still negligible compared to radiation). For small a,
ψ̇
m eventually becomes much bigger than ψ, so that
ρψ ∝ a−6 and this eventually overtakes the radia-
tion density ρr ∝ a−4. Our two remaining regimes,
then, are characterized by ρψ ∝ a−6, which occurs
and persists once one gets close enough to the big
bang (only potentially adjusting during the inflation-
ary era) and leads to dark matter domination in the
early universe, and ρψ ≈ constant, which occurs once
ψ̇
m becomes significantly smaller than ψ and persists
until H ≈ m.

Observe that the ρψ ≈ constant era can either not
be present at all or extend back arbitrarily close to
the big bang (even until the inflationary era, effec-
tively eliminating the ρψ ∝ a−6 era) depending on

one’s choice of initial condition for ψ and ψ̇ (as a
late-time initial condition, this amounts to a choice

of phase in the oscillation) by making ψ̇
m either bigger

or sufficiently smaller than ψ at H ≈ m. The axion-
like particle perspective on SFDM typically argues
that axions are produced with low momentum [18],
so that ψ̇ is always small, eliminating the ρψ ∝ a−6

era in favor of ρψ ≈ constant. From the geometric
perspective of SFDM, however, such a choice appears
arbitrary and fine-tuned; hence, it is natural to ask
what observable implications allowing the ρψ ∝ a−6

era might have.

4



2.2 Big Bang Nucleosynthesis

Among the deepest and most impressive predictions
of the standard ΛCDM cosmology are the light el-
ement abundances– specifically the abundances of
Deuterium, 3He, 4He, and 7Li relative to Hydrogen–
some minutes after the big bang. As one travels
back in time toward the Big Bang, the universe com-
presses, causing the ambient temperature to diverge
as a → 0. Early enough, then, all standard model
particles are relativistic and in thermal equilibrium,
forming a radiation bath. As the universe expands
and the temperature drops, particle-antiparticle pairs
annihilate, quarks and gluons combine into bary-
onic bound states, and most of the remaining mas-
sive particles become non-relativistic, leading to their
number densities becoming exponentially suppressed
by the Boltzmann factor e−m/T while they remain
thermodynamically coupled to the radiation bath via
electromagnetic and weak interactions.

As the universe continues to expand, however, the
interactions coupling various particles and nuclides to
the radiation become too slow compared to the uni-
verse’s expansion, leading to their abundances “freez-
ing out”. In particular, weak interactions effectively
stop at approximately T ∼ 1 MeV (about 1 second
after the Big Bang), so that the relative abundance
of neutrons to protons freezes out. Around T ∼ 0.1
MeV, these protons and neutrons begin synthesiz-
ing into deuterium in appreciable amounts, open-
ing the floodgate for larger nuclides to be built. A
large network of coupled Boltzmann equations, one
for each possible nuclear reaction between the various
nuclides, then determines how nuclide abundances
(relative to Hydrogen) evolve over time in a process
known as Big Bang Nucleosynthesis (BBN). Several
minutes after the Big Bang, the rates of the involved
nuclear reactions slow compared to the universe ex-
pansion rate, so that the abundances of the various
nuclides level off. These steady state values, called
the the primordial abundances, are then the abun-
dances of the various nuclides that persist until mat-
ter coalesces into stars some hundreds of millions of
years later.

In standard ΛCDM cosmology, BBN is essentially
parameter-free, as all of the contributing inputs– the
baryon-to-photon ratio η := nB

nγ
(nB , nγ are the num-

ber densities of baryons and photons, respectively),
the neutron lifetime, various nuclide binding energies,
and the cross sections of the many nuclear reactions–
can be be measured independently, and their ex-
perimental range of uncertainty affects the resulting
abundances very little. It is therefore seen as one of
the most compelling successes of Cosmology that the

Figure 5: Predicted light element primordial abundances
from standard BBN as a function of the baryon-to-photon ratio
η. Colored thickenings of the black curves indicate the uncer-
tainty in each prediction, whereas the yellow boxes indicate the
regions of agreement between the predictions of each nuclide
abundance and its measured value (no such region is gener-
ated for 3He). The vertical blue shaded region represents the
η range in agreement with CMB observations, and the thicker
red region the range in which both 4He and deuterium abun-
dances are consistent with measurements. Image generated by
the Particle Data Group [20].

predicted primordial abundances of deuterium and
4He (the latter reported in terms of its mass fraction
Y) agree exceedingly well with their measured values
[20],

Y|p = 0.245± 0.003 (12)

D/H|p = (25.47± 0.25)× 10−6, (13)

given the η value (perhaps the parameter to which
the abundances are most sensitive) measured via the
CMB anisotropy by the Planck collaboration [1],

η × 1010 =: η10 = 6.105± 0.055. (14)

Beyond 4He and deuterium, BBN also predicts
nontrivial primordial abundances for 3He and 7Li.
While there are challenges in measuring these abun-
dances, measurements at least suggest the qualita-
tive success of BBN in that they return orders of
magnitude consistent with predictions. In the case
of 3He, inconsistencies between measurement sources
together with open questions in stellar evolution
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models make it difficult to establish a single mea-
sured value for the primordial 3He abundance, so it
cannot yet be used reliably as a Cosmological probe.

The situation of 7Li is more problematic for BBN,
as the theoretical prediction of 7Li/H|p = (5.623 ±
0.247) × 10−10 [17] is some 3.5 times larger than
the measured value of (1.6 ± 0.3) × 10−10 [20]– this
is known as the lithium problem. It’s possible this
discrepancy is due to challenges determining a mea-
sured value, in particular the unexplained large scat-
ter in 7Li abundances in stars with very low metallic-
ities [Fe/H] < −3.0 which inhibits extrapolation to 0
metallicity (the primordial situation), but this is seen
as unlikely because the stellar mechanisms for deplet-
ing 7Li aren’t thought to be nearly efficient enough
to reduced the predicted primordial abundance down
to the value measured within moderately metallic
stars [20]. Further, the relevant nuclear reaction rates
are experimentally well enough constrained that it
is unlikely that the lithium problem will be resolved
through nuclear physics [17]. New physics hypothe-
ses proposed to resolve the lithium problem abound,
but none have yet emerged as thoroughly convincing.

3 Computing Primordial Abundances
in the Presence of SFDM

3.1 BBN ODEs and Methods

The primordial abundances depend crucially on the
time evolution of the scale factor a(t) of the homo-
geneous and isotropic universe, as the timing of the
freeze out processes is determined by a comparison
between the expansion rate H(t) and the reaction
rates. Since SFDM cosmology allows for ρψ to dom-
inate the total energy density during the ρψ ∝ a−6

era, it can qualitatively change the evolution of a(t)
during nucleosynthesis, so we are led to ask how
this alteration to the scale factor can adjust primor-
dial abundance predictions. To answer this question,
we modified a pre-existing BBN code, PArthENoPE
(Public Algorithm Evaluating the Nucleosynthesis of
Primordial Elements), built upon the foundation of
earlier codes by Kawano [9] and Wagoner [22]. In the
following, we follow the notation and treatment of
the works published accompanying the PArthENoPE
code [16], [7].

The system of ODEs determining the time evolu-
tion of BBN with SFDM is comprised of equations
(6)-(8), where equation (7) will now only apply to

the total energy density and total pressure

ρ = ρB + ργ + ρe + ρν + ρψ (15)

p = pB + pγ + pe + pν + pψ (16)

as there is exchange of energy between matter
sources, together with conservation of baryon num-
ber, charge neutrality, and the collection of Boltz-
mann equations for each of the tracked nuclides. De-
noting by nB the baryon number density, Xi := ni

nB
and Zi the relative abundance and proton number
of the ith nuclide type, and φe := µe

T with µe
the (temperature-dependent) electron chemical po-
tential, these three new equations are, respectively,

ṅB
nB

= −3H (17)

nB
∑
j

ZjXj = ne− − ne+ = T 3L̂
(me

T
, φe

)
(18)

Ẋi =
∑
j,k,l

Ni

(
Γkl→ij

XNl
l XNk

k

Nl!Nk!
− i, j ↔ k, l

)
. (19)

Here, the quantity Γkl→ij is the (temperature-
dependent) rate, determinable from measured cross-
sections, for the reaction yielding the ith and jth nu-
clides with the kth and lth nuclides as reactants. The
positive integer Ni is the number of the ith nuclide
produced in the reaction (similarly for Nj , Nk, and
Nl, though the latter two are numbers consumed).
Per the Fermi-Dirac distribution, the function L̂ ap-
pearing in (18) describing the number density differ-
ence between electrons and positrons is

L̂(ξ, ω) =
1

π2

∫ ∞
ξ

(
ζ
√
ζ2 − ξ2

eζ−ω + 1
− ζ

√
ζ2 − ξ2

eζ+ω + 1

)
dζ.

The baryon energy density ρB and pressure pB are
computed via nB , the relative abundances Xi, the nu-
clide binding energies, and the photon temperature
T , while those of electrons, neutrinos, and photons
are computed using their momentum space distribu-
tion functions appropriate to their being in thermo-
dynamic equilibrium. Hence, if we model a network
of reactions among Nnuc nuclides, the 5 +Nnuc equa-
tions in the above system have 5 + Nnuc unknowns:
ψ,H, nB , T, φe, and the relative abundances Xi.

We take initial conditions at T = 10 MeV, before
the weak interaction has shut off, so that all relative
abundances (most importantly those of neutrons and
protons) are at their equilibrium values. The initial
nB is determined by the baryon-to-photon ratio η and
the current CMB temperature. The initial H and φe
are set by equations (8) and (18), respectively.
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Figure 6: Predicted light element primordial abundances from BBN with SFDM for various values of the transition temper-
ature Tt, plotted versus η10. Notice that the scale of the y-axis in the top row (reporting the Helium-to-Hydrogen mass ration
Y ) changes from column to column, while the scales in the bottom two rows only change in the last column.

The initial values for ψ and ψ̇ are constrained by
the requirement that ρψ evolves to the current ob-
served dark matter density, measured by Planck to
satisfy Ωdmh

2 = 0.1200 ± 0.0012 [1], but there re-
mains a degree of freedom in the choice of initial
ψ, ψ̇ that amounts to choosing the temperature Tt
at which the ρψ-dominated era ends, i.e. at which
ρψ = ργ + ρe + ρν . There is, in principle, the ad-
ditional free parameter of the SFDM mass m, but
we expect it to have very little effect on the abun-
dances once the transition temperature Tt and the
current-day ρψ have been set, as these parameters
largely determine the temperature dependence of ρψ.
It warrants mentioning that [2] also sought to evalu-
ate the influence of SFDM on BBN, but it seems they
arbitrarily constrained their range of Tt values such
that ρψ was always negligible during BBN.

We modified the PArthENoPE code, which solves
a more numerically convenient recasting of the sys-
tem of equations (7), (8), and (17)-(19) detailed in
[16], to include the dynamics of a scalar field through
equation (6) and its contribution of ρψ, pψ to the en-
ergy density and pressure. Our quoted results will
use a network of the Nnuc = 9 lightest nuclides, re-
lated via some 40 nuclear reactions. See [19] for a

detailed review of the nuclear reactions important to
BBN and [17] for a discussion of subtle corrections to
the simplest implementations of BBN.

3.2 Abundances Results

Our numerical results for the light element abun-
dances in the presence of SFDM are presented above
in Figure 6. The leftmost column, Tt = 5 MeV, is
essentially the standard BBN scenario, as the SFDM
energy density is effectively negligible compared to
radiation by the time nucleosynthesis-relevant pro-
cesses begin around T ∼ 1 MeV (when the neutron-
to-proton ratio n/p freezes out) in this case. As one
decreases the transition temperature, SFDM becomes
more and more important to the scale factor evolu-
tion during nucleosynthesis.

The most notable effect of SFDM’s becoming more
significant is an increase in the predicted abundances
across the board, though this increase is slight for
lithium, deuterium, and 3He in the Tt = 1 MeV and
Tt = 0.5 MeV cases. Worse than the fact that this
pushes the Lithium prediction further from its mea-
sured value, however, even in these cases the pertur-
bation to the energy density already pushes the 4He
mass fraction Y squarely out of concordance with the
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measurements reported in equations (12) and (14).

In the Tt = 0.1 MeV case, SFDM has non-
negligible energy density during the nucleosynthesis
processes themselves (rather than just the n/p freeze
out process), and this makes a somewhat dramatic
difference in our results: now all of the predicted
abundances are shifted up by an appreciable amount
(less so only for 3He). The 4He mass fraction is now
more than double the measured value, and the deu-
terium prediction is also well outside of the range
compatible with equation (13). Of course, the lithium
situation has only gotten worse.

4 Conclusion and Future Work

Generally speaking, we’ve found that the first-order
adjustments due to extending the ρψ ∝ a−6 era of
SFDM Cosmology appear to do little to alleviate the
lithium problem of BBN, and even slightly more dra-
matic adjustments seem starkly incompatible with
observations. Indeed, allowing ρψ to be nontrivial
during nucleosynthesis primarily serves to increase
the matter density and hence the Hubble parameter
H by equation (8), which should heuristically have
the effect that freeze outs occur earlier (at higher tem-
peratures) while ρψ is large. In particular, if Tt / 1
MeV this causes n/p to freeze out while the equilib-
rium value is larger; this increase in available neu-
trons for nucleosynthesis should increase the produc-
tion of nuclides (especially 4He, the primary neutron
receptacle), tending to shift the predicted 7Li abun-
dance upward away from the measured value. By
further pushing down Tt to Tt / 0.1 MeV, one allows
the nontrivial ρψ to influence the dynamics of the nu-
cleosynthesis reactions themselves, but this both fur-
ther increases n/p and increases the likelihood that
the adjustment destroys the successful predictions of
the deuterium and 4He abundances. Our numerical
results seem to reinforce these heuristic objections.

These results and heuristic arguments are not yet
fatal to a SFDM resolution to the lithium prob-
lem, however. The author has (quite) recently re-
alized that the PArthENoPE code has the electron,
neutrino, and photon energy densities hard-coded
as functions of temperature based upon their distri-
bution function dynamics in a radiation-dominated
background (this can reasonably be done in standard
BBN because the Baryon energy density is negligi-
ble compared to these radiation sources, so their dy-
namics may be solved independently), so that the
neutrino and photon energy densities used were not
quite correct for the SFDM scenario. There is good
theoretical reason to expect that the error in these

quantities is rather low after electron-positron anni-
hilation completes (simply shifting the effective num-
ber of neutrino species Neff from 3.046 closer to 3) by
around T ∼ 0.1 MeV, so during nucleosynthesis itself,
but it may be important during and before this an-
nihilation, including when the ratio n/p freezes out.

Equally important to recognize is that, irrespec-
tive of the magnitude of the above correction, the re-
sults presented here do not indicate that SFDM is in
tension with abundance measurements– it only indi-
cates that the transition temperature Tt must satisfy
Tt ' 5 MeV. So long as this is the case, the SFDM
does not change predictions from standard BBN.

Finally, we comment on the case of a complex
scalar field. As noted previously, a complex field
is equivalent to two independent real scalar fields.
Though these fields will each have their own transi-
tion temperature at which they dominate radiation,
the total energy density (and hence nucleosynthesis
results) will be effectively the same as in the case
of a real scalar field with transition temperature the
smaller of these two. That being said, if it is required
that the two fields oscillate out of phase at late times
so that they can condense directly into the static
ground states recognized as the only known long-time
stable configurations of low-field SFDM [14] [3], then
the earlier of these transition temperatures is forced
to occur right at H ∼ m. Noting that the results of
section 3.2 seem to require Tt ' 5 MeV, this yields a
tentative lower bound m ' 10−20 eV.

Future work should certainly include evaluating the
impact of correcting the photon and neutrino energy
densities. Intimately related investigations the au-
thor has begun pursuing are the implications of the
ρψ ∝ a−6 era for other hallmark features of Cosmol-
ogy, such as the matter power spectrum and CMB
anisotropy.

Also in the vein of dark matter, the author is inter-
ested in determining the viability of a massive vector
field theory of fuzzy dark matter, which must satisfy
a wave equation qualitatively similar to the Klein-
Gordon equation of SFDM, so one might expect sim-
ilar behavior. Current limits on the photon mass [20]
do not seem to unequivocally rule out the possibility
that such a vector field might be that of electromag-
netism, though it need not be that of electromag-
netism to provide a dark matter candidate. Prelim-
inary evaluation of low-field, static, spherically sym-
metric solutions (analogous to that class of SFDM
solutions often put forward as galaxy models) to the
equations of motion of a massive vector field, how-
ever, seems to indicate some qualitative differences
from the SFDM case that may not be reconcilable
with observations of galaxies.
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A last, somewhat far afield topic of research the au-
thor is interested in and has worked on briefly is the
Cosmic Censorship Conjecture, particularly in spher-
ical symmetry. This work was inspired by the group’s
publication on the topic of flatly foliated relativity [4]
last year.

References

[1] N Aghanim, Yashar Akrami, M Ashdown, J Aumont,
C Baccigalupi, M Ballardini, AJ Banday, RB Bar-
reiro, N Bartolo, S Basak, et al. Planck 2018 re-
sults. vi. cosmological parameters. arXiv preprint
arXiv:1807.06209, 2018.

[2] A Arbey and J-F Coupechoux. Cosmological scalar
fields and big-bang nucleosynthesis. Journal of
Cosmology and Astroparticle Physics, 2019(11):038,
2019.

[3] Jayashree Balakrishna, Edward Seidel, and Wai-Mo
Suen. Dynamical evolution of boson stars. ii. excited
states and self-interacting fields. Physical Review D,
58(10):104004, 1998.

[4] Hubert Bray, Benjamin Hamm, Sven Hirsch, James
Wheeler, and Yiyue Zhang. Flatly foliated relativity.
arXiv preprint arXiv:1911.00967, 2019.

[5] Hubert L Bray. On dark matter, spiral galaxies, and
the axioms of general relativity. Geometric analysis,
mathematical relativity, and nonlinear partial differ-
ential equations, 599:1–64, 2010.
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